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We present a procedure to compute all the circles in the intersection curve of two tori,
based on the geometric properties of the circles embedded in a torus. By using the
geometric constraints in computing the circles, our algorithm provides an efficient and
robust solution.
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1. Introduction
Tori and natural quadrics are intensively used in solid modeling systems to represent mechanical parts. In generating
a boundary surface, it is essential to compute the intersection of those surfaces. There are many methods of finding the
intersection between two natural quadrics or tori. In general, the intersection curves are obtained in piecewise linear form;
but there has also been research on the detection of degenerate conic sections in intersection curves.
Conic sections can be represented precisely and efficiently by defining their geometry. For example, a circle can be
represented exactly by its center point, radius, and a vector normal to the plane in which it lies. In contrast, representing a
circle as a piecewise linear curve requires many points to achieve a useful precision. Moreover, detecting the conic sections
in the intersection curves has benefit in constructing blending surfaces between two intersecting surfaces. We can perform
more reliable tests for the boundary evaluation algorithm by detecting conic sections.
There has been some work on detecting conic sections in the intersection curve between two quadrics or natural
quadrics [1–4], and also on the detection of conic sections in the intersections of a torus with other surfaces [5–7]. Piegl [7]
considered a degenerate case of a torus–plane intersection (TPI), in which a torus has two tangential intersections with a
plane. In this case, the TPI curve consists of two circles (called Yvone-Villarceau circles). Kim et al. [5] considered the similar
case in torus–sphere intersection (TSI). When a torus has two tangential intersections with a sphere, the TSI curve consists
of two Yvone-Villarceau circles (which are not coplanar in general). Kim and Kim [5,6] proposed an algorithm to find the
conic intersections between a torus and natural quadrics.
In this paper, we will present an efficient and robust geometric algorithm that can detect and compute all conic
intersections between two tori. Conic sections embedded in a torus must be circles of special types: profile circles,
cross-sectional circles, or Yvone-Villarceau circles (see Figs. 1–3); the analytic derivation of these circles can be found
elsewhere [8]. Based on this typology,we construct an algorithm that detects circles in a torus–torus intersection (TTI) curve,
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Fig. 1. Profile circles.
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Fig. 2. Cross-sectional circles.
and determines their equations. Our algorithm uses only a few simple geometric decisions which involve four circle–circle
intersections and four circle–line intersections, which are much simpler to compute than the general intersections of two
tori.
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Fig. 3. Yvone-Villarceau circles.
Table 1
Notation used for describing geometric primitives.
0 ∈ R3 Zero vector 0 = (0, 0, 0)
p, q ∈ R3 3D points: p = (p.x, p.y, p.z) and q = (q.x, q.y, q.z)
N ∈ S2 Unit vector representing the direction of a line or the normal to a plane
ex, ey, ez ∈ S2 Unit vectors in the direction of the coordinate axes: ex = (1, 0, 0), ey = (0, 1, 0), ez = (0, 0, 1)
Cd(p,N) Circle with radius d and center p, contained in the plane through point pwith normal vector N
Tr,R(p,N) Torus with minor radius r , major radius R, center p, and generating circle CR(p,N)
Γ
p
T ,Γ
c
T ,Γ
YV
T Profile circles, cross-sectional circles, and Yvone-Villarceau circles of the torus T , respectively
The rest of this paper is organized as follows. In Section 2, we present the geometric constraints that apply to circles
embedded in a torus and summarize notation that wewill use. In Section 3, we introduce procedures to detect and compute
all the circles in TTI curves. In Section 4, we conclude this paper.
2. Preliminaries
In the remaining parts of this paper, refer Table 1 to find the notation that we use to describe the geometric primitives
that will be used in our algorithm. We will illustrate the geometric properties of the three types of circles found in a torus,
using the torus T = Tr,R(0, ez), which is in standard form. By translating and rotating T if necessary, we can represent any
arbitrary torus and the circles embedded in it. A torus T in standard form can also be represented in implicit form as follows:
(x2 + y2 + z2 + R2 − r2)2 − 4R2(x2 + y2) = 0, (1)
where r and R respectively are theminor andmajor radii of T . Then the generating circle of T is CR(0, ez), which is contained
in plane of z = 0.
The circles are the only conic sections that can be embedded in the TTI curve, and the circles are categorized into profile
circles, cross-sectional circles, and Yvone-Villarceau circles. The proof can be found elsewhere [8]. We will simply explain
how the circle equations are obtained. Every circle is embedded in a plane; thus any circle embedded in a torus can be
derived by intersecting the appropriate plane with that torus. Profile circles are obtained by intersecting T with a plane P0
that is perpendicular to the axis of T . The locus of the centers of the profile circles is a segment of the z-axis, and the radii of
the profile circles can be computed from the z-value of P0 (see Fig. 1). Each cross-sectional circle is obtained by intersecting
T with a plane P1 that contains the z-axis. By rotating P1 around the z-axis, we can derive every cross-sectional circle in T . If
q is the center of a cross-sectional circleΓ , the normal to the plane inwhichΓ lies is parallel to the tangent of the generating
circle of T at q (Fig. 2). Yvone-Villarceau circles are obtained by intersecting the torus with a plane P2 that is tangent to the
torus at two points. When the major radius R is larger than the minor radius r , we can express P2 as follows:
ry±

R2 − r2

z = 0.
If the plane P2 is obtained by rotating one of these planes around the z-axis, then the intersection between T and P2 consists
of two Yvone-Villarceau circles (see Fig. 3). For the case when R < r , Yvone-Villarceau circles are not embedded in the torus.
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Table 2
Geometric properties of the circles embedded in the torus T .
Circle type Γ iT (t).center Γ
i
T (t).normal Γ
i
T (t).radius
Γ
p
T Γ
p+
T (t) {(0, 0, t)| − r ≤ t < r} (0, 0, 1) R+
√
r2 − t2
Γ
p−
T (t) {(0, 0, t)| − r < t ≤ r} (0, 0, 1) |R−√
r2 − t2|
Γ cT Γ
c
T (t) {(R cos t, R sin t, 0)|0 ≤ t < 2π} (− sin t, cos t, 0) r
Γ YVT Γ
YV+
T (t) {(r cos t, r sin t, 0)|0 ≤ t < 2π} (−rR sin t, rR cos t,

1− r2
R2
), R
Γ YV−T (t) {(r cos t, r sin t, 0)|0 ≤ t < 2π} (−rR sin t, rR cos t,−

1− r2
R2
), R
Let Γ pT ,Γ
c
T , and Γ
YV
T respectively be the sets of profile circles, cross-sectional circles, and Yvone-Villarceau circles on a
torus T . Thenwewill useΓT to denote the set of all circles that can be embedded in T , so thatΓT = Γ pT ∪Γ cT ∪Γ YVT . These two
tori T1 and T2 have circular intersection curves if and only if ΓT1 ∩ΓT2 ≠ ∅, that is, there are circles Γ that can be embedded
in both T1 and T2 because Γ ∈ ΓT1 and Γ ∈ ΓT2 .
Depending on the types of circles that can be embedded in T , the set ΓT can be decomposed into five disjoint subsets:
Γ iT (i = p+, p−, c, YV+, YV−). Each subset Γ iT is a one-parameter family of circles [5,6,8]. We will denote the centers,
radii, and the vectors normal to the planes containing the circles in Γ iT (t) as Γ
i
T (t).center,Γ
i
T (t).radius, and Γ
i
T (t).normal,
respectively. The geometric properties of Γ iT (t) are presented in Table 2. We will also denote the two sets of profile circles
as Γ p+T (t) and Γ
p−
T (t), the set of cross-sectional circles as Γ
c
T (t), and the two sets of Yvone-Villarceau circles as Γ
YV+
T (t) and
Γ YV−T (t).
3. Circle detection in TTI
We will now present geometric algorithms to detect and compute all degenerate circles in the TTI curve of two tori T1
and T2. Without loss of generality, we can consider T1 in standard form by rotating and translating both tori as necessary.
Thus we are able to start with T1 = Tr1,R1(0, ez) and T2 = Tr2,R2(p2,N2). We assume that these two tori are not coincident
and that 0 < ri and 0 < Ri, where i = 1, 2.
If Γ is a circle with center q and radius δ lying in a plane with the normal N,Γ is contained in Γ iT (t) if and only if there
is a parameter value t∗ that satisfies q ∈ Γ iT (t∗).center, δ ∈ Γ iT (t∗).radius, and N is parallel to Γ iT (t∗).normal. Therefore,
finding the circles in Γ iT1 ∩ Γ jT2 , where i, j = p+, p−, c, YV+, YV−, can be considered as the problem of finding every pair
of parameter values s∗ and t∗, where Γ iT1(s∗).center = Γ jT2(t∗).center,Γ iT1(s∗).radius = Γ jT2(t∗).radius, and Γ iT1(s∗).normal is
parallel to Γ jT2(t∗).normal.
In our algorithm, summarized in Fig. 4, each function finds the TTI curve for a pair of circle types. For example,
Profile_CrossSection(T1, T2) computes the circles in Γ
p
T1
∩ Γ cT2 .
We will now present the algorithms for the six functions: Profile_Profile, CrossSection_CrossSection, YvoneVil-
larceau_YvoneVillarceau, YvoneVillarceau _Profile, YvoneVillarceau_CrossSection, and CrossSection_Profile. The remaining
three functions are the same as the last three of these, with the order of their arguments reversed.
3.1. Profile circles of T1 and T2
One of the necessary conditions for there to be a circle Γ in Γ pT1 ∩Γ pT2 is that there is a solution that satisfies the following
condition:
Γ iT1(s).normal ∥ Γ jT2(t).normal, (2)
where i, j = p+, p−,−r1 ≤ s ≤ r1, and−r2 ≤ t ≤ r2. This condition can only be satisfied when ez and N2 are parallel (see
Table 2).
The locus of the centers of the profile circles of T1 can be considered as Γ
p+
T1
(s).center ∪ Γ p−T1 (s).center , and we can
represent it as the line segment l1(s) = 0+sez . Similarly, the locus of the centers of the profile circles of T2 can be represented
as the line segment l2(t) = p2 + tN2. If N2 is parallel to ez , then l1(s) ∩ l2(t) ≠ ∅, only when they are collinear.
When l1(s) and l2(t) are collinear, we can compute the radius of the intersection circle Γ by cutting the two tori T1 and
T2 with a half-plane P as follows:
P = {(0, y, z)|y ≥ 0}.
If Γ is a profile circle of both T1 and T2, then Γ must contain one of the intersection points in T1 ∩ T2 ∩ P .
Fig. 5 shows the algorithm for finding the profile circles that are embedded in both T1 and T2. Fig. 6(a) shows the case in
which T1 and T2 intersect in two profile circles. Fig. 6(b) shows the loci of the centers of Γ
p
T1
and Γ pT2 , which are two partially
overlapping line segments, and T1 ∩ T2 ∩ P , which are two circles.
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Fig. 4. Algorithm to find the circles in a TTI.
Fig. 5. Algorithm for finding the circles in Γ pT1 ∩ Γ pT2 .
a
b
Fig. 6. Example of coincident profile circles: (a) two tori T1 = T0.5,1(0, ez) and T2 = T0.4,0.8((0, 0, 0.5), ez) with the intersection circles
C1.19791((0, 0, 0.459164).ez) and C0.540021((0, 0, 0.196009), ez), (b) l1(s), l2(t), and T1 ∩ T2 ∩ P .
3.2. Cross-sectional circles of T1 and T2
The radii of the cross-sectional circles are fixed for a given torus T . If there is a circle Γ in Γ cT1 ∩ Γ cT2 , then there must be
a solution that satisfies the following condition:
Γ iT1(s).radius = Γ jT2(t).radius,
where i, j = c+, c− and 0 ≤ s, t < 2π . The radii of the cross-sectional circles of T1 and T2 are r1 and r2, respectively; thus,
if r1 ≠ r2, there is no intersection between Γ cT1 and Γ cT2 .
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Fig. 7. Algorithm for finding circles in Γ cT1 ∩ Γ cT2 .
a
b
Fig. 8. Example of coincidental cross-sectional circles: (a) two tori T1 = T0.5,1(0, ez) and T2 = T0.5,0.8((−1.8, 0, 0), ez) with the intersection circle
C0.5((−1, 0, 0), (0, 1, 0)), (b) CR1 (0, ez) and CR2 (p2,N2).
We can detect the pair of values of s∗ and t∗ that satisfies the condition Γ iT1(s∗).center = Γ jT2(t∗).center by intersecting
CR1(0, ez) and CR2(p2,N2). If Γ is a cross-sectional circle of both T1 and T2, and C is centered at q = Γ iT1(s∗).center =
Γ
j
T2
(t∗).center , then the tangent vectors of C1 and C2 at qmust be parallel.
Fig. 7 shows the algorithm that finds cross-sectional circles that are embedded in both of T1 and T2. Fig. 8(a) shows the
case in which T1 and T2 intersect in a cross-sectional circle of both tori, and Fig. 8(b) shows Γ cT1(s).center and Γ
c
T2
(t).center ,
which are two circles.
3.3. Yvone-Villarceau circles of T1 and T2
If there is a circle in Γ YVT1 ∩ Γ YVT2 , then there must be a solution that satisfies the following equation:
Γ iT1(s).radius = Γ jT2(t).radius,
where i, j = YV+, YV− and 0 ≤ s, t < 2π , which implies
R1 = R2. (3)
Let Γ denote the intersection circle in Γ YVT1 ∩ Γ YVT2 . When R1 = R2, we can find the possible center points of Γ by
intersecting the loci of the centers of Γ YVT1 and Γ
YV
T2
. Let us denote the loci of the centers of Γ YVT1 and Γ
YV
T2
as two circles C1(s)
and C2(t), respectively: C1(s) = r1(cos s, sin s, 0) and C2(t) = p2 + r2(cos tbx + sin tby), where bx and by are normalized
basis vectors that satisfy bx ⊥ N2, by ⊥ N2, and bx ⊥ by.
If C1(s) and C2(t) are not coincident, then the result of C1(s) ∩ C2(t) is empty, or contains one or two points. When the
circles C1(s) and C2(t) are coincident, the following conditions must be satisfied:
r1 = r2,
0 = p2,
ez ∥ N2.
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Fig. 9. Algorithm for finding the circles in Γ YVT1 ∩ Γ YVT2 .
a
b
Fig. 10. Example of coincident Yvone-Villarceau circles: (a) two tori T1 = T0.5,1(0, ez) and T2 = T0.5,1((1, 0, 0), ez) with the intersection circles
C1((0.5, 0, 0), (0, 0.5, 0.866025)) and C1((0.5, 0, 0), (0, 0,−0.866025)), (b) C1(s) and C2(t).
These conditions and Eq. (3) are all satisfied if and only if T1 and T2 are coincident, which violates our assumptions; thus, we
can assume that there are at most two intersection points in C1(s) ∩ C2(t).
If an intersection point q is in C1(s∗) and C2(t∗), then there is a circle Γ ∈ Γ YVT1 ∩ Γ YVT2 if and only if there are members
of Γ iT1(s∗).normal and Γ
j
T2
(t∗).normal which are parallel. Then the Yvone-Villarceau circle on both T1 and T2 has the center
point q and radius R1, and lies in the plane with the normal vector Γ iT1(s∗).normal.
Fig. 9 is the algorithm to find the Yvone-Villarceau circle embedded in both T1 and T2. Fig. 10(a) shows the case in which
T1 and T2 intersect in two Yvone-Villarceau circles. Fig. 10(b) shows the loci of the centers of Γ YVT1 and Γ
YV
T2
, which are two
circles.
3.4. Yvone-Villarceau circles of T1 and profile circles of T2
If there is a circle Γ in Γ YVT1 ∩ Γ pT2 , then there must exist a solution that satisfies the following equation:
Γ iT1(s).center = Γ jT2(t).center, (4)
where i = YV+, YV−, j = p+, p−, 0 ≤ s < 2π , and−r2 ≤ t ≤ r2.
Let us express the locus of the centers of the Yvone-Villarceau circles of T1 as the circle C1(s) = Cr1(cos s, sin s, 0), and
the locus of the centers of the profile circles of T2 as the line segment l2(t) = p2 + tN2. There are at most two intersection
points between a circle and a line. For an intersection point q = C1(s∗) = l2(t∗), the normal to the plane in which the circle
Γ with center q lies must be parallel to N2.
Fig. 11 shows the algorithm to find a Yvone-Villarceau circle of T1 and a profile circle of T2 that are coincident in the
TTI curve. Fig. 12(a) shows an example, and Fig. 12(b) shows Γ YVT1 (s).center and Γ
p
T2
(t).center , which are a circle and a line
segment, respectively.
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Fig. 11. Algorithm for finding the circles in Γ YVT1 ∩ Γ pT2 .
a
b
Fig. 12. Example of an Yvone-Villarceau circle of one torus (T1) coincident with a profile circle of another torus (T2): (a) two tori T1 = T0.5,1(0, ez) and
T2 = T0.3,1.3((0.5, 0, 0), (0, 0.5, 0.866025))with an intersection circle C1((0.5, 0, 0), (0, 0.5, 0.866025)) (b) C1(s) and l2(t).
3.5. Yvone-Villarceau circles of T1 and cross-sectional circles of T2
The radii of the cross-sectional circles and the Yvone-Villarceau circles for a given torus T are fixed. If there is a circle in
Γ YVT1 ∩ Γ cT2 , then there must be a solution that satisfies the following condition:
Γ iT1(s).radius = Γ jT2(t).radius,
where i = YV+, YV−, j = c , and 0 ≤ s, t < 2π , which implies the following condition:
R1 = r2. (5)
If R1 ≠ r2, there is no intersection between Γ YVT1 and Γ cT2 .
Let Γ denote a circle in Γ YVT1 ∩ Γ cT2 . Then, the center of Γ must be contained in the intersection between the loci
of the centers of Γ YVT1 and Γ
c
T2
, which can be obtained by intersecting the two circles C1(s) = r1(cos s, sin s, 0) and
C2(t) = p2 + R2(cos tbx + sin tby), where bx and by are normalized basis vectors with the properties bx ⊥ N2, by ⊥ N2,
and bx ⊥ by. The number of intersection points between two circles is at most two, if the circles are not coincident. When
C1 and C2 are not coincident and q = C1(s∗) = C2(t∗), the normal to the plane containing the Yvone-Villarceau circle of T1,
which is centered at q, must be parallel to the tangent vector of C2(t) at q.
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Fig. 13. Algorithm for finding the circles in Γ YVT1 ∩ Γ cT2 .
When two circles C1(s) and C2(t) are coincident, the following conditions must be satisfied:
0 = p2,
r1 = R2,
ez ∥ N2.
In this case, the planes that contain the generating circles of T1 and T2 are coincident with the plane z = 0. The normal
vectors Γ YV+T1 .normal and Γ
YV−
T1
.normal are as follows:
Γ YV+T1 .normal =

− r1
R1
sin s,
r1
R1
cos s,

1− r1
R1
2

Γ YV−T1 .normal =

− r1
R1
sin s,
r1
R1
cos s,−

1− r1
R1
2

.
We observe that the vectors in Γ YV+T1 .normal ∪ Γ YV−T1 .normal are not contained in the plane z = 0, since r1 ≠ 0 and R1 ≠ 0.
The normal vectors of the planes containing the circles in Γ cT2 are parallel to the tangent vectors of C2(t); thus, they are
perpendicular to the axis of C2(t) and thus contained in the plane z = 0. Therefore, when C1(s) and C2(t) are coincident,
there are no intersection circles in Γ YVT1 ∩ Γ cT2 .
Fig. 13 shows the algorithm to find an Yvone-Villarceau circle of T1 and a cross-sectional circle of T2 that are coincident
in the TTI curve. Fig. 14(a) shows an example, and Fig. 14(b) shows Γ YVT1 (s).center and Γ
c
T2
(t).center , which are two circles.
3.6. Cross-sectional circles of T1 and profile circles of T2
If there is a circle Γ in Γ cT1 ∩ Γ pT2 , then there must be the solution that satisfies the following equation:
Γ iT1(s).center = Γ jT2(t).center, (6)
where i = c, j = p+, p−, 0 ≤ s < 2π , and−r2 ≤ t ≤ r2.
Let us denote the locus of the centers of the cross-sectional circles of T1 as a circle C1(s) and the locus of the centers of
the Yvone-Villarceau circles of T2 as a line segment l2(t). There are at most two intersection points between a circle and a
line segment. For an intersection point q = C1(s∗) = l2(t∗), the normal vector to the plane in which the circle Γ , centered
at q, lies must be parallel to N2.
Fig. 15 shows the algorithm to find a cross-sectional circle of T1 and a profile circle of T2 that are coincident. Fig. 16(a)
shows an example, and Fig. 16(b) shows Γ cT1(s).center and Γ
p
T2
(t).center , which are respectively a circle and a line segment.
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a
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Fig. 14. Example of an Yvone-Villarceau circle of one torus (T1) conincident with a cross-sectional circle of another torus (T2): (a) two tori T1 =
T0.5,1((0, 0, 0.5), ez) and T2 = T1,1.5((2, 0, 0.5), (0,−0.866025, 0.5)) and the intersection circle C1((0.5, 0, 0.5), (0, 0.5, 0.866025)) (b) C1(s) and C2(t).
Fig. 15. Algorithm for finding the circles in Γ cT1 ∩ Γ pT2 .
a
b
Fig. 16. Example of a cross-sectional circle of one torus (T1) coincident with a profile circle of another torus (T2): (a) two tori T1 = T0.5,1(0, ez) and
T2 = T0.5,1((−1, 0, 0), ey)with the intersection circle C0.5((−1, 0, 0), ey) (b) C1(s) and l2(t).
4. Conclusion
We have presented geometric algorithms that detect and compute all the circles in torus–torus intersections, using the
geometric properties of the circles embedded in a torus.
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